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Abstract 
Jackowski, 2.. A new characterization of proper interval graphs, Discrete Mathematics 105 
(1992) 103-109. 
One of the first characterizations of interval graphs, given by Lekkerkerker and Boland 
(1962), uses the concept of an asteroidal triple. In this paper we give a similar characterization 
on the proper interval graphs using the akin concept of an astral triple. 
1. Introduction 
The class of intervaE graphs (the intersection graphs of intervals on a line) is 
one of the best known in the graph theory and has numerous applications in many 
fields. The survey of the main results obtained in this area can be found in [3,4]. 
To explain the aim of the paper we need a few notions from graph theory. The 
basic concepts used here are the asteroidal and astral triples. The set of vertices 
(edges) of the graph G or the path P will be denoted as: V(G), E(G), V(P), 
E(P) respectively. 
Three vertices x, y, z in a graph G form on asteroidal triple if between any two 
of them there exists a path P in G such that no vertex in P is adjacent to the third 
vertex of the triple. 
Three vertices x, y, z in a graph G form an astral triple if between any two of 
them there exists a path P in G such that the third vertex of the triple does not 
belong to P and any two subsequent vertices in P are not both adjacent to the 
third vertex of the triple. Formally, the path P”(x, y) = (pl, p2, . . . , pk), pI =x, 
pk =y, fulfills the astral triple conditions if z 4 V(P”) and 
(v(Pj, Pj+l) E E(P)) ((Pjj Z) $ E(G) or (Pj+l, 2) $ E(G)). 
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Note here that the terminology of astral triple used in [3] is distinct from the 
definition given in this paper. 
It is a trivial observation that each asteroidal triple is an astral triple. 
Example 1.1. In the graph G, shown in Fig. 1, vertices X, y, z form an astral 
triple, since the paths P”(x, y) = (x, y), P”(x, z) = (x, V, z), PG(y, z) = (y, z) 
fulfill the required conditions. It is easy to check that the graph G contains no 
asteroidal triple. 
Remark 1.2. If the graph G is not chordal, i.e., G contains some chordless cycle 
of length at least four, then any three different vertices in this cycle form an 
astral triple. 
The asteroidal triple was defined by Lekkerkerker and Boland [5] who gave 
one of the first characterizations of interval graphs using this concept. 
Theorem 1.3 (Lekkerkerker, Boland [3-51). G is an interval graph if and only if 
G is chordal and contains no asteroidal triple. 
They then derived a list of minimal graphs that are not interval graphs [3,5]. In 
this paper the astral triples will be used in the similar way to characteize the class 
of the proper interval graphs (‘proper’ means that no interval properly contains 
another in the interval model). Roberts [7] showed that the class of proper 
interval graphs coincides with the class of unit interval graphs, i.e., the 
intersection graphs of unit-length intervals on a line. 
There are mutual correspondences between graphs and binary matrices. The 
two notions which turn out to be extremely important for our study are the 
neighborhood matrix of a graph and, the bipartite graph associated with a given 
binary matrix. 
The neighborhood matrix of a graph G = (V, E) with the vertex set V = 
{ v1, v2,. . . I v,, is the n X n matrix N(G) = [nij] with ones on the main diagonal, 
whose nij (i #j) entry is 1 if (Vi, Vj) E E and is 0 otherwise. 
Given an m x n binary matrix A = [Uij] we can associate with it an unoriented 
bipartite graph B(A) = (VI U V2, E), where VI = {vi, vi, . . . , vi}, V, = 
{ v:, v;, . . . , vi} and (vf , v,“) E E if and only if the Uij entry is 1. 
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In the next theorem we give some known characterizations of the proper 
interval graphs, which will be applied for proving our result. 
Theorem 1.4. The following conditions are equivalent: 
(i) G Lr a proper interval graph. 
(ii) The bp t’ i ar lte graph B(N(G)) = (VI U V,, E) does not contain asteroidal 
triple in the set VI. 
(iii) G is chordal and does not contain any of the graphs shown in Fig. 2 as an 
induced subgraph. 
Remark 1.5. Each graph shown in Fig. 2 contains an astral triple (vertices X, y, z 
in each graph in Fig. 2 form such a triple). 
The equivalence of (i) and (ii) follows immediately from results provided by 
Tucker [8] and Roberts [6] ( see Section 3). Roberts’ and Wegner’s theorem 
[3,4,6,9] characterizes the proper interval graphs by the minimal induced 
subgraphs (equivalence of (i) and (iii)). 
The aim of this paper is to prove that G is a proper interval graph if and only if 
G contains no astral triple, which will provide a new characterization of this class 
of graphs. In Section 2 we prove a lemma which allows to transform any astral 
triple in the graph G into an asteroidal triple in the graph B(N(G)). A short 
proof of our main result will be given in Section 3. 
2. Preliminaries 
For a given graph G = (V, E,) with a neighborhood matrix N(G) = [njj] we can 
build in an unique way a bipartite graph B(N(G)) = (V, U V,, E2) with 
(v;, v;) E Ez H nii = 1 C- ((vi, v,) E El or i =j). (2.1) 
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The aim of this section is to prove that any astral triple in the graph G can be 
transformed into the corresponding asteroidal triple in the graph B(N(G)). 
Suppose that x, y, .z form an astral triple in G and P”(X, y) = 
(Pi, P2> P37 . * . 9 pk), where p1 =A?, pk =y is a path connecting X and y, which 
fulfills the astral triple conditions. The indexing operation which we will define for 
such a path, transforms it step by step into a sequence of vertices from the set 
VI U V, according to the following rules: 
(rl) The first vertex in the constructed sequence is always: pi. 
Let us assume that we have constructed a sequence pi, . . . , pi-I, j s k, i = 1 
or 2. 
(r2) If i = 2 then pi’ is added. 
(r3) If i = 1 and (pi, z) 4 E(G) then p/’ is added. 
(r4) If i = 1 and (pi> z) E E(G) then &I, of is added. 
(r5) If for j = k we have obtained: pi, . . . , pz then pi is added. 
It is easy to see (by (2.1)) that the obtained sequence is a path in the graph 
W(G)). 
Lemma 2.2. If the vertices x, y, z form an astral triple in the graph G then the 
vertices x1, y’, z1 form an asteroidal triple in the set VI of the graph B(N(G)). 
Proof. Let us consider the path PG(X, y) = (p,, p2, . . . , ok), p] =X, ok = y, 
which fulfills the astral triple conditions, i.e., z $ V(P”) and 
(V(P~, PI+,) E E(PG)) ((Pj, 2) $ E(G) or (Pjt:, Z) $ E(G)). (2.3) 
Suppose that the path P’(x’, y’) obtained from PG(X, y) by applying indexing 
operation does not fulfill the asteroidal triple condition, i.e., 
(3~; E V(P”)) (z’, pi’) E E(B). (2.4) 
From the description of the indexing operation: pj E V(P”). By (2.4) the 
equivalence (2.1) implies: (z, pi) E E(G). Hence by (2.3): (z, pi_1) 4 E(G) and 
(~9 Pj+l> $ E(G). 
After some number of steps of the indexing operation we obtain the sequence 
P:, . . . 2 pi-l with i = 1 or 2. If i = 1 then by (r4) and by (r3) we obtain: 
A. . 
1 2 1 . , pi-I, pi-I, pi, $!,I. If i = 2 then by (r2) and by (r3) we obtain: 
p:, . . . 
2 1 
, pi-I, pi, pi’,,. In both cases of $ V(P”), contrary to (2.4). Thus the path 
P’(x’, y’) must fulfill the asteoridal triple condition. 
In the same way we construct paths PB(xl, z’), PE(y’, z’) required for the 
asteroidal triple x ‘, y ‘, z ‘. 0 
Example 2.5. Let us consider the graph G from Fig. 1 with the vertex set 
V = {x, y, z, v} and the astral triple x, y, z with paths P”(x, y) = (x, y), 
P”(x, z) = (x, v, z) and PG(y, z) = (y, z). The neighborhood matrix of the graph 
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G is 
1 1 0 1 
N(G) 
1 1 1 0 
= [ 1 0111’ 1 0 1 1 
The graph B(N(G)) is shown in Fig. 3. 
Let us proceed with the indexing operation for paths: PG(x, y), P”(x, z) and 
PB(y, z). We give an indexing operation rule applied in brackets. 
P”(x, y) = (x, y): (rl) x1; (r4) x1, x2, y’. 
P”(x, z) = (x, v, z): (rl) x1; (r3) x1, v*; (r2) x1, u*, 2’. 
Pc(y, z) = (y, z): (rl) y’; (r3) y’, 2’; (r5) yl, z2, zl. 
We have obtained the paths: PB(xl, y’) = (x1, x2, y’), PB(xl, z’) = (x1, v2, z’) 
and PB(yl, zl) = (y’, z*, z’) which fulfill the asteroidal triple condition. Ther- 
efore vertices x1, y’, 
B(N(G)). 
z1 form an asteroidal triple in the set VI of the graph 
3. The characterization 
Basing on the results from the previous sections we will prove our theorem 
which characterizes the class of the proper interval graphs. 
Theorem 3.1. G is a proper interval graph if and only if G contains no astral 
triple. 
Proof. (Sufficiency) Suppose that G contains no astral triple. Then, by Remark 
1.2, G is chordal and, by Remark 1.5, G does not contain any of the graphs 
shown in Fig. 2 as an induced subgraph. Thus, from Theorem 1.4, (equivalence of 
(i) and (iii)), G is a proper interval graph. 
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(Necessity) Let us suppose that G is a proper interval graph containing an 
astral triple x, y, z. Then, from Lemma 2.2, vertices x1, y ‘, z1 form an asteroidal 
triple in the set VI of the graph B(N(G)) contrary to Theorem 1.4 (equivalence of 
(i) and (ii)). Cl 
The above theorem provides a new characterization of the proper interval 
graphs by replacing the prohibition against the chordless cycles of length at least 
four and the graphs shown in Fig. 2 with the prohibition against the astral triples. 
From Roberts’ and Wegner’s theorem (equivalence of (i) and (iii) in Theorem 
1.4), the chordless cycles of length at least four and the graphs shown in Fig. 2 
form the list of minimal graphs containing an astral triple. On the other hand, 
following the approach of Lekkerkerker and Boland [5] for the interval graphs, 
one can derive this list independently. 
The study of proper interval graphs is closely related to the study of 
consecutive ones property for columns of a binary matrix. The matrix possesses 
this property if its rows can be permuted so that the ones in each row appear 
consecutively. Tucker [S] proved that a binary matrix A has this property if and 
only if the bipartite graph B(A) = (VI U V,, E) does not contain an asteroidal 
triple in the set VI. Roberts [6] showed that G is a proper interval graph if and 
only if its neighborhood matrix has this property. The linear time algorithm to 
recognize the consecutive ones property for columns for any binary matrix was 
given by Booth [l, 21. The last two results imply that the existence of an astral 
triple in a given graph G can be recognized in linear time. However, finding 
efficiently some astral triple in the graph G is an open problem. 
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